ABSTRACT. In this paper, some existence theorems are obtained for periodic solutions of second order dynamical system with (q, p)-Laplaician by using the least action principle and the saddle point theorem. Our results improve Pasca and Tang' results.
Introduction and main results
In this paper, we consider the following dynamical system (A) F (t, x 1 , x 2 ) is measurable in t for every (x 1 , x 2 ) ∈ R N × R N and continuously differentiable in (x 1 , x 2 ) for a.e. t ∈ [0, T ], and there exist a 1 , a 2 ∈ C(R + , R + ) and b ∈ L 1 ([0, T ]; R + ) such that
When p = q = 2 and F (t, x 1 , x 2 ) = F 1 (t, x 1 ), it has been proved that problem (1.1) has at least one solution by the least action principle and the minimax methods (see [1] - [8] ). Many solvability conditions are given, such as the coercive condition (see [1] ), the periodicity condition (see [8] ); the convexity condition (see [2] ); the subadditive condition (see [7] ). In [9] and [10] By using the least action principle and the generalized saddle point theorem, the authors obtained some existence results. They first improved the classical Poincaré-Wirtinger inequality and then by using some analytical techniques, they improved the condition like the following (1.5). Moreover, for system (1.4), there are also some other results (for example, [11] and [12] ). Recently, in [13] , by using the least action principle and saddle point theorem, Pasca and Tang considered system (1.1) under (1.2) and (1.3) and they obtained the following results:
Ì ÓÖ Ñ 1.1º (see [13: Theorem 1]) Suppose that F satisfies assumption (A), (1.2) and (1.3). Let q and p be such that
(1.5) Then system (1.1) has at least one solution which minimizes the function ϕ : W → R given by 
(1.6) Then system (1.1) has at least one solution.
In our paper, we will use the improved Poincaré-Wirtinger inequality and some analytical techniques in [9] and [10] to consider system (1.1). Our main results are the following theorems.
Ì ÓÖ Ñ 1.3º Suppose that F satisfies assumption (A), (1.2) with α 1 ∈ (0, q−1) and (1.3) with α 2 ∈ (0, p−1). Let q and p be such that
(1.7)
Then system (1.1) has at least one solution which minimizes the function ϕ.
Ì ÓÖ Ñ 1.4º Suppose that F satisfies assumption (A), (1.2) with α 1 ∈ (0, q−1) and (1.3) with α 2 ∈ (0, p − 1). Assume that
Then system (1.1) has at least one solution. 
Preliminaries
Let W
In this paper, we will use the space W defined by
with the norm (
. It is clear that W is a reflexive Banach space (see [13] ).
Ä ÑÑ 2.1º (see [9] or [10] 
Ä ÑÑ 2.2º (see [9] or [10] 
can be written as u(t) =ū +ũ(t) and v(t) =v +ṽ(t) with
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where
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Let ϕ : W → R be given by
Then ϕ is continuously differentiable on W and
(see [12] or [13] ). It follows from [13:
is the critical of ϕ, it is a solution of (1.1). Moreover, by [13: Remark 3], we know that ϕ is weakly lower semi-continuous on W .
We will use the following two lemmas to find the critical point of ϕ. 
Ä ÑÑ

I(h(u)),
Proofs of Theorems
For convenience, we will denote that
First, we prove our Theorem 1.3.
It follows from (1.2), (1.3), Lemma 2.1 and Lemma 2.2 that
for all (u 1 , u 2 ) ∈ W and some positive constants C 11 , C 12 , C 21 , C 22 . Hence we have 
By Lemma 2.3, ϕ has a minimum on X. So ϕ has a critical point. Thus we complete our proof.
Next, we prove our Theorem 1. 
Similar to the proof of Theorem 1.3, we have
Note that
Then we have
where C 24 > 0, C 14 > 0. By the proof of Theorem 1.3, we have
for all n. It follows from the boundness of {ϕ(u 1n , u 2n )}, (3.4), (3.5) and the above inequality that
Since α 1 ∈ (0, q − 1) and α 2 ∈ (0, p − 1), it is easy to see that 
By the proof of Theorem 1.3, we have
By (2.4), onW , the norm
On the other hand, by (1.8), it is easy to obtain that for (
From (3.6) and (3.7), we know that ϕ satisfies (I1) and (I2) in Lemma 2.4. Thus by Lemma 2.4, we complete our proof.
Examples
In this section, we give two examples to verify our results.
Example 4.1. Let q = 5, p = 6 and
Then q = 5/4, p = 6/5 and by Young's inequality, we get
for all (x 1 , x 2 ) ∈ R N × R N and a.e. t ∈ [0, T ], where C 1 (ε) > 1, C 2 (ε) > 1. Let f 1 (t) = 4(|0.5T − t| + ε), g 1 (t) = C 1 (ε), f 2 (t) = 11 2 (|0.5T − t| + ε), g 2 (t) = C 2 (ε).
XIAOXIA YANG -HAIBO CHEN
Then F satisfies conditions (1.2) and (1.3) with α 1 = 3 ∈ (0, q − 1), α 2 = 9/2 ∈ (0, p − 1). It is easy to calculate that for all (x 1 , x 2 ) ∈ R N × R N , and a.e. t ∈ [0, T ], where C 1 (ε) > 1, C 2 (ε) > 1. Let f 1 (t) = 4(|0.5T − t| + ε), g 1 (t) = C 1 (ε), f 2 (t) = 11 2 (|0.5T − t| + ε), g 2 (t) = C 2 (ε).
